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Limit analysis of plates and isoperimetric
inequalities
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a A general isoperimetric inequality for the collapse loads of uniformly loaded, edge
< supported rigid-plastic plates of arbitrary shape is established. The inequality
> E provides a lower bound to this load and involves just the length of the perimeter and
®) s the area of the collapsing region of the plate. This paper establishes a proof, under
f‘] 5 certain restrictions, of this inequality which to-date has been just a conjecture.
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1. Introduction and perspective

In this paper we consider small deflection, rigid-plastic plate bending theory for
isotropic, homogeneous, edge supported, simply connected, uniformly loaded plates
exhibiting the material response described by the square yield locus and associated
flow rule. The plates are analysed in the state of collapse, elastic deflections are
ignored and only the simplest class of loading type and material response are being
considered. Even given these simplifications, and at least 50 years of endeavour to
solve the boundary value problems implied, it is perhaps strange that there is still a
need to revisit the subject.

The main reason we see for this need is that so few boundary value problems have
been solved. The situation may already be that no further new boundary value
problems will be solved in detail. The problems considered by Fox (1974) may remain
the only non-circular, clamped edge boundary value problems solved; at least with
techniques involving the direct solution of the governing partial differential
equations.

Some aspects of our subject can be traced back to Mariotte (1686), who published
experimental findings relating to plate collapse. The concept of a mechanism of
collapse for a structure is well illustrated by Moseley (1834) in his popular account
of mechanics. There are no doubt other antecedents which could be cited. The
effective beginning of the modern era in our subject is here taken to be the
publication of the Johansen (1943) thesis entitled Brudlinieteorier (yield line theory).
In this work, which is primarily devoted to analysing the collapse conditions for edge
supported plates, Johansen made extensive use of the concepts of yield lines forming
mechanisms for collapse. What is here referred to as the square yield locus should
perhaps rightly be called the ‘Johansen yield locus’ since he proposed such a use in
his thesis. The context for Johansen’s yield lines arose from experiments on
reinforced concrete slabs made by him and other Scandinavian and German workers,
see Bach (1920).

By the time Johansen’s thesis was presented he had been working at the subject
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for about 15 years and had published aspects of the theory earlier. Acceptance of the
importance of these studies was slow, in part due to the inacessibility of the thesis.
The stimulus to mechanics studies in general during and after World War II,
combined with the re-establishment, most notably in America, of vigorous research
schools in several Universities but in particular at Brown University, resulted in
rapid advances in what became known as the limit theorems and applications of
these concepts to a variety of problems. William Prager (1903-1980) was a central
contributor to these advances. He and co-workers at Brown solved the circular plate
at collapse, first for simple support and then with clamped support, in particular for
the Tresca yield locus in Hopkins & Prager (1953). Schumann (1958a) while working
at Brown, extended the concepts to plates of arbitrary shape, under a point load and
with simple support. Schumann (1958b) also published a second paper in 1958 which
has been seldom referenced, but which can be thought of as the starting point for the
study undertaken in the present paper. In this paper he established an inequality for
the collapse pressure of arbitrarily shaped, simply supported plates. It is particularly
surprising that this second paper is not referenced in Prager’s book (1959) on
plasticity theory published shortly afterwards.

By far the greater amount of published research has been devoted to applying
upper bound, mechanism-based, approximate analyses to plate collapse studies.
Mansfield (1957) made notable advances by the use of curved log spiral yield lines in
corner regions. Nielsen (1964), who succeeded Johansen in Copenhagen, published an
important study in which several exact solutions for non-circular simply supported
shapes were given.

Randal H. Wood (1913-1987) published his ‘Plastic and elastic design of slabs and
plates’ in 1961. This work proved to be a valuable stimulus to further understanding
of yield line theory. The MCR Special Publication (1965) followed soon afterwards.
Massonnet (1967) published a useful survey of special types of exact solutions, some
obtained by inverse methods. However, Wood (1968, 1969) himself began expressing
doubts about the completeness of yield line theory and suggested that exact solutions
might not be obtainable. He was probably inclined to this view because of the
difficulty of solving exactly apparently simple problems such as the square clamped
plate under uniform load. Fox (1974) disagreed and in due course succeeded in
finding the exact solution to this boundary value problem. But the solution was
perhaps unexpectedly complicated. Indeed, based upon this evidence, it can be
concluded that few other exact solutions are likely to be discovered using such
methods, especially where the boundary is clamped and the plate shape has corners.
Recent comprehensive surveys of the limit analysis of plates in bending are
contained in the texts by Nielsen (1984) and Sobotka (1989). The bulk of the
discussion in both texts relates to upper bound analyses.

An attractive alternative procedure is to use linear programming or some other
computational optimisation technique based on the plastic limit theorems, to obtain
close upper and lower bounds on the collapse loads. The results of a number of such
studies have been published (see, for example, Hodge & Belytschko 1968; Palmer
1970; Chan 1972; Christiansen 1980; Christiansen & Larsen 1983). However, these
have yet to reach the stage of producing entirely reliable results (cf. Christiansen &
Larsen 1983), and they also give little information of the nature of the collapse
mechanism. It is likely therefore that the approximate ‘engineering theories’ based
on yield-line theory or equivalently on upper bound mechanisms will continue to be
the most widely used design tool.

Phil. Trans. R. Soc. Lond. A (1994)
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Limit analysis of plates and isoperimetric inequalities 115

Mention has already been made of the paper by Schumann (1958b). It was
published during the period of most rapid development of the subject and established
a result quite unlike other results of the period. Indeed we are not aware of any
similar study until the book by Lowe (1982). The novelty in the paper by Schumann
(1958b) was the establishment of a bound (inequality) on the collapse pressure for
simply supported plates of any shape. Specifically, the result was that the total load
acting on the deforming portion of the plate at collapse is never less than the total
load acting on a circular plate of equal area. A circular shaped plate is hence the
weakest shaped plate for a fixed area.

Unaware of Schumann’s statement and proof of this result for simply supported
plates 24 years earlier, Lowe (1982) conjectured results of similar type (here referred
to as the weak conjecture) for edge supported plates, either simply supported or
clamped. A further more stringent conjectured inequality (here referred to as the
strong conjecture) was also proposed, which if true would ensure the truth of the
weaker Schumann inequalities (Lowe 1982). Subsequent papers by Lowe (1984,
1988a—c) have explored the consequences of these strong conjectures being true.
Thus far no inconsistencies have been found between the conjectures and known
exact solutions. In particular, if the strong conjecture could be proved, then a
procedure follows for obtaining lower bound estimates to collapse loads, where at
present no constructive method is available for such bounds based purely on limit
analysis principles. The present paper provides a proof of the stronger inequality and
hence automatically of the Schumann inequality for edge supported plates, under
certain restrictions.

We propose to dedicate this paper to the memory of Randal H. Wood (1913—-1987).
In addition to his contributions as noted above, he in a sense anticipated the contents
of this paper in Wood (1961, p. 332, §91): ‘Suggestions for future research, (b)
dimensional analysis applied to slabs’. Though we have only recently become aware
of his proposals there, his suggestion that an area/perimeter parameter may be
important, is precisely the suggestion we are further exploring in this paper. Wood
too seems to have been unaware of Schumann’s paper.

As already stated the conjecture is concerned with the collapse pressure p of a
uniformly loaded plate. The strong assertion made by Lowe (1982) is that for any
collapse mechanism, the associated pressure satisfies the inequality,

pA /M > 3k(B?/24), (1.1)

where M is the yield moment, 4 and B are respectively the plan area and the
perimeter of the collapsing zone of the plate, which may or may not be the whole of
the plate, and the parameter k is equal to 1 when the edges are simply supported and
2 for a plate with clamped edges.

From the celebrated classical isoperimetric inequality, we know that for any closed
plane curve B?/A4 > 4w, with equality for a circle, so that (1.1) implies the weaker
inequality :

pA /M > 6rk. (1.2)

Equality in (1.2) gives the known exact solution for simply supported and clamped
circular plates. Both conjectures hence satisfy the requirement of a true isoperimetric
inequality in that equality is actually attained for some member(s) of the class of
problems for which the inequality holds (cf. Payne 1991). The second weaker
inequality is that proved for simply supported plates by Schumann (1958b) using the
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Schwarz symmetrization technique. This is one of the standard procedures for
establishing such isoperimetric inequalities (Burago & Zalgaller 1980). (In fact
Schumann actually used the Tresca failure criterion, but his analysis is readily
modified for the square yield locus.)

The strong conjecture (1.1) can be written slightly differently as

(p/M) > (3k/2)(B/A)*. (L.1y

It follows that ¢f this conjecture holds for all mechanisms, and hence includes those
associated with the exact solution, and if we can find the closed curve which fits into
the given boundary shape of the plate and which has the minimum value of B/A, then
the right-hand side of (1.1)" provides a lower bound to the actual collapse pressure. De
Mar (1975), Lin (1977) and Singmaster & Souppouris (1978) have discussed this
constrained optimisation problem and given a number of procedures for finding the
curve, enclosed in a given convex polygon, which minimizes (B/4). This minimising
curve consists of segments of the given boundary joined by circular arcs, all with the
same radius. Keller (1980) has given an elegant and elementary proof of this result.
His paper was motivated by one by Strang (1979), who considered the problem of a
long cylinder of plastic material failing in anti-plane shear under a uniform body
force. This problem is equivalent to that of a uniformly loaded plastic plate failing
by ‘punching through’ in shear. This problem does not involve bending and is easier
and of much less practical interest than that under consideration here.

Lowe (1988a—c) and Allen (1992) have investigated a number of cases where upper
bound or exact solutions for plate bending problems are known, and have
demonstrated that when failure is governed by the square yield condition, the
conjecture does hold in every case. Moreover providing the plate is not too elongated,
the lower bound approximation given by (1.1) is extremely good. For example for the
clamped square plate of side a, (1.1) gives a ‘lower bound’ of 42.687 for pa?/M
compared with the upper bounds of 42.895 and 42.880 predicted by Mansfield (1957)
and Morley (1965) respectively, and the exact value of 42.851 calculated by Fox
(1974).

The strong conjecture can be given an alternative interpretation. The circular plate
which has the same area/perimeter ratio as the given plate mechanism has a radius
of r* =24 /B, an area of A* = 4n4%/B* and a perimeter of B* = 414 /B. (Note that
A* < A, with equality only when the original plate is circular.) The collapse pressure
associated with this derived circular plate is given by p/M = 6pk/A* = (3k/2) (B/A)>.
Thus whereas the weak conjecture states that a given plate is always stronger than
the circular plate with the same mechanism area, the strong conjecture asserts that
it is actually stronger than the smaller (and hence stronger) circular plate that has
the same area/perimeter ratio as the original mechanism.

The present study is concerned with establishing a proof of the strong conjecture
(1.1). After reviewing the basic equations of plastic plate theory in §2, the essentially
geometric nature of the conjectured inequality is demonstrated in §3. The basic
technique used to establish the inequality is the Schwarz Transformation, which is
described in §4 and used in §5 to prove the conjecture for the special class of conical
collapse mechanisms. Pedal coordinates are used to describe the geometry of general
mechanisms (§6), which enables a general proof of the conjecture for any mechanism
with elliptic or parabolic curvatures to be constructed (§7). The conjecture is hence
established for all the familiar solutions obtained from yield line theory. Mechanisms
involving regions of hyperbolic curvature are more difficult to analyse. Here, the
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Limit analysis of plates and isoperimetric inequalities 117

concept of an angular velocity hodograph diagram is introduced in §8 and a very
much weaker and less useful form of the conjecture, which involves the geometry of
both the plate mechanism and its hodograph image is discussed in §9 for such
anticlastic cases.

2. The basic equations of rigid-plastic plate theory
The quasi-static equilibrium equations for a thin plate in bending are
M ;/0x;—@; =0 and 0Q,/0x,+p =0, (2.1)

where M;, @, and p are the cartesian components of the moment tensor, shear force
vector and transverse load respectively. Since the present analysis is mainly
concerned with properties of upper-bound solutions, little explicit reference will be
made to these conditions.

The deformation of the plate at the instant of failure is described by the transverse
velocity v(z;,%,), which is a continuous though not necessarily continuously
differentiable function of position. In developing the theory of rigid-plastic plates it is
normal to now define the curvature-rate tensor in terms of the second derivatives of
v. However, there are advantages in first introducing the angular velocity of rotation
rate vector @ defined by:

w, = 0w/0x,, w,=—0/0x,, (2.2)

so that the cartesian components of the curvature-rate tensor can be expressed either

by
Ky = —0%/0x}, Ky = —0%/0x3, kK, =—0%/0x,0x,, (2.3)

or, equivalently, by

0w, 0w, 0w, Ow,

K = = —_ — K = —— = =
11 ’ 22 ’ 12 ’
Ox, 0, Ox, O,

(2.4)

sagging curvatures being taken as positive. The concept of the rotation vector is
often used to describe the continuity in slope at a hinge line, but its use as a field
variable was introduced by Johnson (1969) and Collins (1971) to explain an analogy
between the kinematics of plate and plane strain plasticity problems. From (2.4) we
note that @ is a divergence free vector:

0w, /0x; + Qw,/0x, = 0. (2.5)

In terms of a general orthogonal curvilinear co-ordinate system («, #) with Lamé
parameters %,, ks, the components of @ are

1 v 1w
_ 1 W 2.
= 0P and  w, x (2.6)
and of k are
o =100 0 100, 000
" hyOa  hyoa’ PP hy OB h, OB
(2.7)

_ 100, 0,0 100y, 0,

da ' hy oo hy Op " h, 0B

Phil. Trans. R. Soc. Lond. A (1994)
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B M ) A
»
(@) M,
C D

Figure 1. The ‘square’ yield condition.

where ¥ is the anticlockwise inclination of either coordinate line to a fixed reference
direction. Eliminating the components of @ between (2.6) and (2.7) gives the
expression for x terms of v as used in Fox (1974).

The contours of constant transverse velocity v will play a central role in the theory.
If the curvilinear coordinate system is chosen so that these contours are 8-lines, then
it follows from (2.6) that w, =0, so that the angular velocity vector is locally
tangential to the v-contour. The v-contours are hence also w-trajectories. The local
instantaneous deformation of the plate can be thought of as a rotation, magnitude
w, about the direction of the v-contour.

If (n, s) are now introduced as local cartesian coordinates normal and tangential to
a v-contour in the level plane, n-directed outwards, the angular speed is, using (2.6),

w=—w/0n (2.8)

and from (2.7) the corresponding curvature-rate components are

Kk, =0w/0n, Kk, =wk,= woY/0s,

Kpe = 0w/08 = w Oy /0O,

where k, = 0y /0s is the in-plane curvature of the v-contour. If the v-contour is also
a line of principal curvature-rate, the twist rate «,, is zero and w is constant along
the contour. If such a principal line is a hinge line with a continuously turning
tangent then the jump in w is constant along the hinge (cf. Collins 1971 ; Fox 1972).
It should be emphasized that the components of « give the instantaneous rates of
curvature of the plate as it starts to deform. These components are only the linear
approximations to the curvature of the three-dimensional surface z = v(x,, z,). This
fact has to be borne in mind when applying the standard formulae and theorems of
the differential geometry of surfaces.

Three basic plastic régimes can be determined for a plate whose collapse is
governed by the square yield criterion with associated flow rule. These are typified
by the vertex A, sides AB or BC and vertex B of the yield locus (figure 1), where «,
has been arbitrarily chosen to be the larger principal curvature rate. Discussions of
the governing equations in these régimes have been given by Nielsen (1964, 1984),
Massonnet (1967), Sawczuk & Hodge (1968), Fox (1972, 1974) and Collins (1973). For
present purposes we recall that at the vertex A, where both principal curvature-rates

Phil. Trams. R. Soc. Lond. A (1994)
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are non-negative so that the plate is deforming locally into a surface with elliptical
curvature (positive gaussian curvature), the equilibrium conditions (2.1) can only be
satisfied when the transverse load is zero. Thus this régime cannot occur in any exact
solution for a uniformly loaded plate, except at a single point, such as a vertex in a
conical collapse mode. None of the commonly used upper bound mechanisms of yield
line theory involve regions in this elliptic régime. If such a mechanism were proposed
its associated load-estimate would necessarily be bounded below by that associated
with the exact non-elliptic mode.

In an edge régime one of the principal curvature rates is zero, on AB (x; =0,
Kk, = 0) and on BC (k, <0, x, =0), so that the plate is deforming locally into a
developable surface with parabolic curvature. One of the families of principal
curvature trajectories hence consists of straight lines. This considerably simplifies
the analysis of both upper bound and exact solutions. Effectively all the collapse
mechanisms of yield line theory and all exact solutions, except those for clamped
polygonal plates due to Fox (1974), are such that all the deforming regions are in
edge régimes. The edge régime BC, with negative parabolic curvature occurs in
mechanisms for re-entrant plates. In Fox’s solution part of the plate is in the corner
régime B, where the principal curvature-rates are of opposite sign. The deformed
surface is hence anticlastic with hyperbolic curvature. The governing equations are
also hyperbolic with many similarities to those for classical slipline theory of plane
strain plasticity theory. The curved principal curvature-rate trajectories are the
characteristics of both the equilibrium and kinematic equations.

In the present study we are mainly concerned with the analysis of load estimates
obtained from upper-bound calculations. These involve equating the rate of working
of the uniform applied load distribution to the rate of energy dissipation in the
proposed mechanism. In all three of the plastic régimes, this energy dissipation rate
per unit area of the plate can be expressed as

D = Mi; k= MKy | + |5]).- (2.10)

3. The fundamental inequality

Application of upper bound theorem of limit analysis applied to a uniformly
loaded plate, gives the following over-estimate of the collapse pressure:

]% = [LO(IK1|+I/<2I)dA+(k—1)§Cowds]/JondA = V—II; say, (3.1)

where W is the rate of energy dissipation, per unit yield moment, in the r-echanism.
For a mechanism with a simply supported boundary (k¥ = 1) this consists just of the
integral of (|«,| +|«,|), but for a clamped boundary it must include in addition the rate
of working on the bounding hinge line. (Note that some well-known upper bound
mechanisms for simply supported plates involve corner fans bounded by hinge lines
lying within the plate boundary. See for example the solutions given by Mansfield
(1957) for triangular plates. The expression for W for such plates must hence include
the rate of working on these hinge lines which form just part of the boundary. If these
terms are omitted the value of W, and hence of p, is underestimated. Thus if the
conjecture can be established for this underestimate of the collapse load it will
certainly be true for the actual load associated with such a mechanism. This is the

Phil. Trans. R. Soc. Lond. A (1994)
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Table 1. Integrand of area integral for W — the specific energy dissipation rate in a mechanism
(6,2 0)
simply supported clamped
(k=1) (k= 2)
elliptic curvature (K > 0) Kyt Ky 2(ky+ Ky)
hyperbolic curvature (K < 0) Ky — K, 2K,

approach adopted here.) Since the applied pressure p is uniform, it can be taken
outside the integral for the rate of working of the applied loads, as in (3.1) where V
denotes the volume of the surface defined by z = v(x;, x,).

From (1.1)" we observe that the conjecture requires

(W/V) = (3k/2)(B/A)*? (3.2)

for all mechanisms. Expressed in this form the required inequality is seen to be a
purely geometric property of the possible deforming surfaces.

Since the sum of the principal curvature rates (first invariant) is equal to —V?
from (2.3) it follows from Green’s Theorem that

j (K, +K,)dA EJ (ky+K,)dd4 E% wds. (3.3)
A, 4, Cy

This is of course a standard result in potential theory. In the present context,
however, it is one of a hierarchy of integral identities which relate area integrals to
line integrals on v-contours. These need not be discussed at length here, except to
note two particular results in passing:

fAthA = 2n(v,—v,), (3.4)

A

where A is the area between the contours ', C, at depths v,, v, respectively, and

2 C, Cy
[J wzdt/f] = {%wktds] = 2J KdA. (3.5)
0 o) c i

The result (3.4) was used by Schumann (1958b), while (3.5) is the linerized form of
the Gauss—Bonnet theorem for the area integral of the gaussian curvature rate K =
Ky Ky = Ky Kp— K2

Identity (3.3) can be used to combine the two integrals in the expression for W in
(3.1). The results are summarized in table 1 where «, has been arbitrarily chosen to
be the non-negative curvature.

In the case of elliptic («; > 0) or parabolic (x; = 0) mechanisms, identity (3.3) can
alternatively be used to transfer the internal energy dissipation rate to the boundary,
so that W can be written as an integral on the boundary contour:

W= Icff; wds. (3.6)
CO

When the curvature is hyperbolic (k; < 0) it follows from table 1 that this equality
for W is replaced by a ‘greater than’ inequality. In many problems the mechanisms
will involve internal hinge lines across which the rotation rate is discontinuous and

Phil. Trans. R. Soc. Lond. A (1994)
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Limat analysis of plates and isoperimetric inequalities 121

on which one of the curvature rates is infinite. The values of all the above integrals
are finite, however, and the identities remain valid provided the contributions from
the hinge lines are included in the various area integrals.

The problem of minimizing or finding the stationary values of ratios of integrals
as in (3.1) is of course very familiar in applied mathematics. Two well-known

examples are
Jw(Vv)2 dA/ fvz d4 and J‘(Vv)2 dA/ ( fv dA)2

giving the frequencies of a vibrating membrane and the torsional rigidity of an elastic
cylinder respectively. The isoperimetric properties of these and similar problems
have been extensively studied (see, for example, Pélya & Szegd 1951 ; Bandle 1980;
Schaeffer 1988 ; Payne 1991). These two particular functionals are quadratic, so that
application of the standard techniques of the calculus of variations leads to the
familiar linear partial differential equations which characterise the extremal
solutions. The functionals in the present problem are specified piecewise depending on
the sign of the gaussian curvature (cf. table 1). In the elliptic/parabolic region this
ratio is —[V#dA/ [vdA so that both integrals are linear and the minimum value
must therefore occur at the extremity of this branch, i.e. when K =0 and the
mechanism is parabolic. This is an alternative argument demonstrating that exact
solutions cannot involve zones with elliptical curvatures. In the hyperbolic régime,
however, the integral for W is nonlinear as it involves the difference of the principal
curvatures and hence introduces the second (quadratic) invariant of the curvature
rate tensor. The minimum value need not now occur at the parabolic limit. For
clamped plates it is well known that one frequently cannot obtain exact solutions in
which the entire deforming zone is in the parabolic régime. Specifically parabolic fans
cannot be continued in a statically admissible manner across a hinge line, as
demonstrated by Wood (1969) (see also Collins 1973, or Fox 1974) and such problems
require at least part of the deforming zone to be in the hyperbolic régime. The
application of the standard calculus of variations argument to the ratio W/V must,
of course, yield the equilibrium equations (2.1) as the Euler equation giving sufficient
conditions for a minimum.

4. The Schwarz transformation

The Schwarz symmetrization procedure is one of the standard techniques for
establishing isoperimetric inequalities (see Pélya & Szego 1951; Burago & Zalgeller
1980), and as mentioned earlier was used by Schumann (1958b) to show that the
circular plate is the weakest shaped simply supported plate for a given area. The
surface z = v(x,,%,) is mapped into an axisymmetric surface, which has the same
cross-sectional area at each depth as the original surface (figure 2). Thus each v-
contour C of area 4 is mapped into a circle of radius (4 /) and perimeter (474 ). The
total volume V is preserved by this symmetrization. Schumann then introduces a
further transformation in which the symmetrized surface of revolution is replaced by
its convex hull, and then demonstrates that under these combined transformations
the specific energy dissipation rate W cannot be increased nor V decreased and
deduces that W/V > 6n/A, the collapse load of a circular simply supported plate.

This transformation is now re-examined with a view to establishing the stronger
inequality (3.2). If the slope of the original surface normal to the v-contour C, is
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‘d | ‘

C
Figure 2. The Schwarz symmetrization.

:J+dv
denoted by ¢, then tan (¢) = w = —0v/0n, using (2.8). In general ¢ varies around C,,.
The area between the two neighbouring contours C, and C, 4, is hence

dA=j£ dnds=—dvj€ wlds. (4.1)
C‘U C?)

Denoting the constant gradient of the image circular contour C;, on the surface of
revolution by o’ = tan (¢’), it follows from the basic area preserving property of this
symmetrization that this elemental area is also given by

d4 = —dv§ W tds = —dow " (4TA ) (4.2)
Cy
’ 1 - 1 d?)
so that w = (4nA)2/§ wlds =—(4nd)y—. (4.3)
c d4

v

Now it follows from the fundamental Schwarz integral inequality that

§; wds = B2/§; wtds (4.4)
c c

for any contour C. Hence applying (4.3) and (4.4) to the boundary contour C; we
deduce that . 3BV

- >-0_¢c 4.
% j S VT (49)

where V, = 3wj(43/m)t is the volume of the circular cone with 4, as base and slope w).
Hence it follows from (3.2), (3.6) and (4.5) that a sufficient condition for the
conjecture to hold is that V < V,. This is true in particular when the symmetrical
surface of revolution lies everywhere within this cone (figure 2). This condition will
be returned to in the following.

For future reference we will note the expressions for the curvatures of the
symmetrized surface of revolution. If @ is the radius of the circular cross section at
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depth v, the components of the curvature rate tensor associated with the symmetrized
surface of revolution are:

K,=K,_g’_ 1do K,=K,_dw’__d_%

2= T T Tade’ YT " da da® (4.6)
’ ’ 2 ’2

K/=K1K;=ﬂd_‘”=1(_1?_ﬂ=nd(w )

a da adada? dd4

As remarked earlier these are the linearized curvatures of the actual surface; the
exact curvatures are obtained by dividing the three expressions in (4.6) by %, y* and
v? respectively, where y = (14 w'2).

From (4.3) it follows that these curvature rate components are related to the
corresponding components in the actual deformation by

2nk, "t = f Jldy = jg “lds = _E (4.7)

so that «; is the reciprocal mean tangential curvature rate. Similarly the
corresponding normal curvature rate is seen to be

) d L\ d[ . (dA\
e i a7 s

while the gaussian curvature rate can be expressed:

) (A4 dd
K ——TEW—@TC (d’l}) [(d’l]) 24 d’l)2:| (49)

The Schwarz symmetrization can be regarded as a geometrical visualization of the
A-v relation in the original mechanism. In particular we note that the solution to the
differential equation obtained by putting K’ = 0 in (4.9) describes the cone:

A=Ay (1—v/v,) (4.10)

This occurs when the original mechanism is conical, but with an arbitrarily shaped
initial cross section with area 4,. This case is discussed in §5.

The interpretation of the strong conjecture in terms of a reduced circular plate
given in §1 suggests an alternative possible transformation, in which the ratio of the
area to the perimeter instead of the area itself is preserved. To preserve the total
‘volume’ of the mechanism the transverse velocity field ¥ must also be scaled. The
radius of an image circular contour C* is now r* = 24 /B, its area is A* = 4nA4*/B?
and its perimeter is B* =4mAd/B, whilst the increment in velocity between
neighbouring contours becomes dv* = (B?/4nAd)dv. If the constant gradient of the
image surface at the image contour C* is denoted by w* = tan (¢*), the increment in
A*/B* between two neighbouring contours with separation dv* is found to be:

d(A*/B*) = —dv*/2w*. (4.11)
On the other hand the corresponding relation in the original mechanism is
d(4/B) = (d4—AdB/B)/B

=_£1_”[ff w"1(1—(A/B)/<tw‘1)ds], (4.12)
BlJc
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where (4.1) has been used to eliminate d4/dv, and the corresponding relation:

21
dB = —dv§ w %k, ds = —dvf o tdy (4.13)
¢

0

used to eliminate dB/dv. Equating the two left-hand sides of (4.11) and (4.12) gives
the relation between w and w* analogous to (4.3) for the Schwarz transformation:

27
w* 1= %ﬁ{jg wt ds—%f ™t dgﬁ}. (4.14)
C

0

Since the strong conjecture can be expressed in terms of a direct comparison
between the failure pressures of the original and the derived circular plate
mechanisms, this transformation offers the possibility of establishing the conjecture,
by using (4.14) to compare the specific energy dissipation rates, W and W¥*, in the two
mechanisms. Wis given by (3.1) or (3.6), and W* is found from analogous expressions
involving the derived velocity field v*, which is now viewed as defining a collapse
mechanism for the circular plate. The upper bound theorem of limit analysis could
then be invoked to compare W* with the energy dissipation rate and hence the
known collapse pressure in the actual circular plate collapse mechanism. This is
essentially the approach adopted by Schumann (1958b6) in using the Schwarz
transformation to establish the weak conjecture. However, the extra complexity of
(4.14) compared with (4.3) for the Schwarz transformation has, so far, prevented
much general progress being made with this line of attack on the strong conjecture.
It seems necessary to consider the collapse mechanism in more detail as is done in the
following sections.

5. Conical mechanisms

Before discussing general classes of mechanisms it is instructive to consider the
special case of a simply supported plate collapsing into a conical surface with vertex
at some point 0 say. The plate boundary need not be convex. Many such examples
have been discussed in the literature (e.g. Mansfield 1957; Wood 1961; Massonnet
1967; Sawczuk & Jaeger 1963). The mechanism boundaries may contain straight
segments, in which case the mechanism contains rigid flaps rotating about such
straight edges, and corners in which case the mechanism contains internal hinge lines
as in figure 3.

If r = r4(0) is the polar equation of the boundary contour referred to 0 and v,, is
the transverse velocity at the vertex 0, the velocity at an arbitrary point distant r
from 0 is

v=0,(1—7r/ry). (5.1)

The v-contours are hence geometrically similar to the boundary contour, and the
area of a typical contour is given by (4.10). Since each radial segment of the plate OP
rotates with angular speed w about the tangent to the boundary at P, the transverse
speed at the origin is

Dy = Py, (5.2)

where p, = ON is the pedal coordinate of P, the perpendicular distance from the
origin to the tangent to C; at P. Pedal coordinates are hence seen to arise naturally
in describing the kinematics of collapse mechanisms. They also arise naturally in the
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Y

hinge lines

Figure 3. A conical collapse mechanism.

discussion of the classical isoperimetric inequality and indeed were used in the first
analytical proof of the result due to Hurwitz (1902) (see Hsiung 1981). This is because
the area enclosed by a closed plane curve C is given by half the line integral of p:

24 =3€ pds. (5.3)
C

It has already been shown in equation (3.6) that the energy dissipation rate for a
parabolic mechanism in a simply supported plate can be transferred to the boundary
and expressed as

W=§ wds=vm§ pytds (5.4)
CO CO

using (5.2). But from (5.3) and the Schwarz inequality we obtain:

2
jgc Ppylds = (§ ds) /§ pods = B2/2A4,. (56.5)
0 CO CO

Moreover since the volume of any conical collapse mechanism is simply 34,v,, it
follows that from (5.4) and (5.5) that

W/V > 3B2/242. (3.2)

The conjecture has hence been proved for any conical collapse mode. The extension
to clamped plates follows trivially by doubling the expression for W in (5.4). This
proof is essentially that given by Allen (1992).

The right-hand side of this inequality is of course independent of the position of
the vertex 0 inside (. The best upper bound mechanism is obtained by choosing 0
to minimize the value of ¢p;'ds. Equality is obtained in (3.2) only when the
Schwarz inequality also reduces to an equality. This requires p to be a constant,
which at first sight would appear to imply that C, must be a circle. However, when
C, is a polygon, ds is zero at the vertices and contributes nothing to the line integral.
Thus equality is also obtained in (3.2) when C, is a polygon which possesses an
inscribed circle which touches every side, and the vertex is chosen to be the centre
of this circle. For such plates the value of B/4 is the same for the plate as it is for
the incircle (Allen 1992) and the corresponding pyramidal mechanism has constant
slope as discussed by Lowe (1982). Several such solutions have been discussed by
Sawczuk & Jaeger (1963).
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One reason for the simplicity of the analysis in this case is the simple quadratic
form of the A—v relation (4.10) for a conical collapse mode. In fact this relation is
quadratic for any parabolic mechanism, i.e. any mechanism consisting of rigid
rotating flaps and plastically deforming regions which are in an edge régime on the
yield surface. A formal proof of this result is given in §7 once the mathematics for
describing the kinematics of the deformation has been set up in the next Section.
However, a preliminary argument justifying this quadratic variation can be given
now.

Since one of the principal curvature rates is zero in a parabolic region one family
of principal curvature trajectories consists of straight lines. A rigid rotating region,
bounded by such a straight principal line, is locally trapezoidal so that the local 4—v
relation in such a region is clearly quadratic. Within a deforming zone the twist rate
is zero along a principal curvature rate line; if in addition this line (an «-line say) is
straight, as in such a parabolic region, w, the component of the angular velocity
vector in the directioin of this line must be constant along this a-line (cf. equation
(2.7)). Moreover since the associated curvature rate is zero, w, the component of
angular velocity perpendicular to this line, is also invariant along the a-line. It
follows that the total angular velocity vector is similarly constant. The v-contours in a
parabolic region are hence parallel curves and corresponding points are rotating at
the same speed. The speed v hence varies linearly along the straight principal line
which again implies a quadratic A—v relation.

If this quadratic relation is written:

A =a+bv+co?, (5.6)
then the (linearized) gaussian curvature of the symmetrized image is, using (4.9),
K’ = 4n*(b®—4ac)/(b+ 2cv)*. (6.7)

When the discriminant D = (b®—4ac) is positive or zero, this curvature is elliptic or
parabolic and the symmetrized image surface of revolution lies inside, or coincides
with, the base tangent cone, and the strong conjecture is proven as discussed in §4.
D = 0is, of course, the condition for the equation A = 0 to have real roots. This must
be the case as the mechanism must terminate in a ridge or point vertex of zero area.
This provides a proof of the conjecture in the case of a ‘single mode’ mechanism in
which the A—v relation is represented by a single quadratic expression. It will be seen
in §8 however that when the mechanism contains ‘floating fans’ with vertices
which do not coincide with the mechanism vertex, the A—v relation is only piecewise
quadratic and further considerations are necessary.

6. The geometry of v-contours

As a result of the successful use of pedal coordinates in establishing the conjecture
for conical mechanisms, it is natural to use pedal or tangential coordinates (p, ¥) to
describe the geometry of v-contours in the general case. In this section discussion is
limited to mechanisms with weakly convex contours, so that ¥, the inclination of the
tangent to a contour, increases monotonically from 0 to 2n. The theory of curves
expressed in terms of such coordinates can be found in classical elementary calculus
texts such as Courant & John (1974) (see also Hsuing 1981). For present purposes we
recall that the distance from P to the foot N of the perpendicular from 0 to the
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[+

-—N

RS

Figure 5. Two neighbouring contours.

tangent to I" at P is dp/dyr (figure 4a), and that the radius of curvature of I" at P is
p+d2p/dy®. The angle between the radial and tangential directions at P is in—§,
where

tanf = r1dr/df = p~tdp/dyy, cosf=p/r, andyy=60+in—¢. (6.1)

The v-contours of the collapsing plate mechanisms are frequently not smooth but
contain corners and straight segments. Our mathematical description of the contours
must be able to handle such features. At a corner yr is discontinuous, increasing from
Y, to ¥, say (figure 4b) and the radius of curvature vanishes so that p(y) is a
harmonic function in the interval (Y, ¥,) and is given by

P = 74c08 (Y —0tg—4m) or = (p, sin (Y, — ) +pysin (f —y))/sin (Y, — 1) (6.2)

On a straight segment of the contour, iy and p are constant, but dp/dy is
discontinuous, its value increasing by the length a of the straight segment (figure 4¢)
and hence d?p/dy? = ad(yy—,). It follows that weakly convex contours with
corners can be represented by a continuous function p(y) and the standard formulae
for radius of curvature, arc length and area still apply, but the former has a delta
function behaviour on a flat portion of the contour.

The family of contours on a plate can be parametrized by p = p(y, v), the origin
being chosen to be one of the points where v attains its maximum value. The normal
distance between two neighbouring contours C, and C,_ 4, is dn = —w™' dv (cf. (4.1))
(figure 5). Since the difference between dn and dp is second order this result can also
be written:

Ip/ow=—wt. (6.3)
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This important relation expresses the fundamental kinetic result that as a plate
element is rotating with angular speed w, the change in the transverse velocity in
going a distance dp normal to the axis of rotation is w dp.

The second basic result needed is an expression for dw/dv. Since PN is of length
Op/0yr, the length of PN’ is

Op/r + (O*p/0yr®) dyfr + (0°p /Oy Ow) dlo,

where dy is the change in the slope of the tangents between P and P’. But P'N’

is also the projection of ON+NP onto the tangent at P’, and hence is equal to
—pdyr+0p/0y, from which we deduce that

dyr = ((—0*p/dyr dv)/ (p+0*p/0Y?)) do. (6.4)

It follows from (2.9) that
0w/ = wkK,,,/K, (6.5)

so that from (6.3) 0*p/0y dv = w'k,,/k,, and since p+*p/N? = wk;! we can
rewrite (6.4) as

dyr = —w 2%k, dv. (6.4)
The change in the angular speed between P and P’ is therefore:
dw=§—§dlﬁ+%—gdv=(—w“l%+2—z})dv. (6.6)
However, since from (2.8) and (2.9) we also have dw = dw/0ndn = —w 'k, dv we
deduce the second important kinematic result that
dw/w =—w'K/k, (6.7)

where K is the gaussian curvature rate. It follows that in a parabolic region where
the gaussian curvature rate vanishes, w is a function of ¥ only and is the same for
all contours. This is a formal proof of the result discussed at the end of §5. This proof
breaks down at a fan vertex where the curvature rates are unbounded. This situation
is discussed in §8.

7. Parabolic mechanisms

In this section we use the formalism of §6 to generalize the proof given in §5 for
conical collapse mechanisms, to arbitrary parabolic mechanisms consisting of weakly
convex contours. The origin 0 of the pedal coordinate system is chosen to be any
point where v attains its maximum value v, such as the mid-point of a straight ridge.
The pedal equation of the ridge contour C,; will be denoted by p = p,(¢). (For
example the straight ridge (—a < x < a) has pedal equation p, = a|sin /|, the jumps
in the value of dp/dy occurring at i = 0 and T correspond to the two coincident
straight edges of the ridge.) As previously noted when the gaussian curvature rate is
zero and the mechanism does not contain any floating fans, w is independent of » and
equation (6.3) integrates to give

P, 0) = po(¥) —w () v, (7.1)
where py(1) is the pedal equation of the boundary contour, » = 0. Hence putting
V=0

U 0 (Y) = po(¥) —p1(¥) (7.2)

Phal. Trans. R. Soc. Lond. A (1994)


http://rsta.royalsocietypublishing.org/

e

P\
A Y
|
L
e\
P

A

y

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

/an \

a

THE ROYAL A

A

SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Limit analysis of plates and isoperimetric tnequalities 129
and so eliminating w, we obtain the pedal equation of a general contour:

P, v) = (1=0/vy) po(¥) + (0/vm) P2 (). (7.3)

The lower bound on the energy dissipation rate obtained from the Schwarz
inequality is

§ wds, > B?}/% o™t dsy = v, By/2(4,—3,) (7.4)
CU CO
using (7.2) to evaluate the integral of w™, where the integral I, is defined by
I, = § P, ds,. (7.5)
CO
It follows from (7.3) that the elemental arc lengths on C, C; and C, are related by
ds = (1—v/vy)dsy+ (v/v,,) ds, (7.6)
so that the area enclosed by an arbitrary contour C is 4 where
2
24 =§ pds=2(1—i) A0+(i)(1—-”—)(10+11) (7.7)
C Um Um Um

using (7.3) and (7.6). The integral [, is in fact identical with I, since

21 21
I = f;podsl = L Do(py+p1) Ay = L Pr(Po+p0) dY = 1. (7.8)
The equality of the two ¢ integrals follows by integration by parts or by expanding
Do, P, as Fourier series. The latter procedure is more general as it includes the case
of contours with flats where the second derivative of the pedal-coordinate has a §-
function singularity.
The total ‘volume’ of the mechanism is, using (7.7),

V= Jva dv = Lo, (A, +11,). (7.9)

0

The required inequality now follows from (7.4) and (7.9)

1 3 B 3B
= wdsz-—0t—>-1 7.10
P> S o 7

The quadratic 4—v relation is given explicitly in (7.7) with discriminant D = [, v;2,
so that the symmetrical surface is parabolic (i.e. a cone) when I, =0 and the
mechanism has a focus, as already shown in §5, but is elliptic when I, > 0 as when
the mechanism has a ridge. The elliptic curvature guarantees that the symmetrized
surface lies within the tangent cone on 4, so that the sufficient conditions for the
conjecture to hold discussed in §4 hold for all such parabolic mechanisms.

When the mechanism does involve floating fans, the curvature is unbounded at the
fan vertex, and the A—v relation is only piecewise quadratic. However, the sign of the
jump across the contour through such a vertex is such as to ensure that the
symmetrized surface still lies inside the base tangent cone. This case is best discussed
with reference to the hodograph diagram and is returned to at the end of the next
section.
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The above proof is readily extended to non-convex plates, such as the L-shaped
plates considered by Jones & Wood (1967). The quadratic 4—v relation can be seen
either by applying the (p, y) parametrization piecewise over segments on which yr is
monotonic, or by appealing to the ‘local’ argument used at the end of §5. Parabolic
mechanisms for such re-entrant plates will in general involve regions in which the
plate is in edge régime BC as well as AC (figure 1). The equality in (3.6) must now
be replaced by a ‘greater than’ inequality. The above proof of the conjecture hence
still holds but the lower bounds it provides will, in general, be less sharp than for a
convex plate (Allen 1992).

8. The hodograph diagram

The hodograph or velocity diagram although widely used in plane strain plasticity
theory is rarely used in plate problems. It is, however, a useful geometrical aid in
discussing the kinematics of collapse mechanisms, particularly the more complicated
ones in which both families of principal lines are curved. Some examples of plate
hodographs are given in the papers by Johnson (1969) and Collins (1971). The image
of any point P in the plate is the point @ in the hodograph diagram with position
vector @. The hodograph image of a contour C, whose pedal equation is p = p(¢, v)
is (", whose polar equation is w = w(y,v). The radius vector at ¢ is hence in the
direction of the tangent vector to C, at P.

If the angle between the radius vector and the normal to the hodograph image
contour is 3w —#, then y = ¢ +3m— is the slope of the tangent vector and by analogy
with (6.1):

1dow « 1dg

tany = ——=-"=-—~- and cosnz%, (8.1)

wdy  k,  qdy

where ¢ is the pedal-coordinate of the hodograph diagram (figure 6) and use has been
made of (6.5). The length of a hodograph image contour is hence

B, = § do = § v (K2, + k%) ds, (8.2)
o c,

while its enclosed area is

A, = 55& w?dy. (8.3)

v

The fundamental integral identity (3.5) shows that the area between two hodograph
image contours is equal to the integral of the gaussian curvature-rate over the
corresponding annular region between the two original »-contours. If the curvature
rate is parabolic it follows that all the hodograph images must coincide as discussed
above. In a hyperbolic region, however, K is negative and the v-contours and their
hodograph images must nest in opposite senses.

In the special case of the conical collapse modes wp = v,,, from which it follows
from (6.1) and (8.1) that

n=—§ and rg=owp=v, (8.4)

so that the hodograph image curve is the pedal inverse of a plate boundary contour
Phil. Trans. R. Soc. Lond. A (1994)
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Figure 6 Figure 7
(b)

circle — radius v, =

Figure 6. The hodograph transformation: (a) physical plane of plate; (b) hodographic plane.
Figure 7. In a conical collapse mode the hodograph image is the pedal inverse in circle of radius v,,.

b
w
<(U
B
w;

Figure 8. Wood’s (1961) hodograph and collapse mechanism for a clamped square plate.

v
N\

in the circle of radius v,,, see figure 7. For the generalization to follow it is relevant
to note that as a consequence of (8.4), the expression for the energy dissipation rate
in (5.4) can also be written as a line integral in the hodograph diagram:

§ wds=vm§ ﬁf' (8.5)
Cy c; 4

On a straight section of a contour, the direction of @ is constant. If this section is
also a principal curvature line, as it must be of necessity in a parabolic mode, its
hodograph image is a point. In a hyperbolic mode, however, such a section will be
represented by straight spike locally normal to the hodograph curve.

The hodograph diagram for Wood’s mechanism for a square, clamped plate is
shown in figure 8. The four rigidly rotating flaps are represented by the four mutually
orthogonal @ vectors. In the outer part of the mechanism the rotation in the fans is
represented in the hodograph by the four 90° circular arcs. In contrast in the inner
section, where the flaps are separated by straight hinge lines, the transition from one
o vector to the next is achieved by a discontinuous jump. In such mechanisms
therefore the hodograph image is not really a single curve as argued above. This
situation arises in all parabolic mechanisms involving floating fans. The curvature
rates are necessarily unbounded at the vertex of such a fan.
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The area—velocity relationship for this mechanism is only piecewise parabolic. In
the outer region (v < v; = wk = v (£/a)) this relation is

A =4b*+8b(R—a(v/vy)) + (R —a(v/vy))?, (8.6)
while in the inner region it is
A =4a*(1—(v/vy))> (8.7)

A and dA/dv are continuous at the transition contour v = v;, but the value of
d?4 /dv* = 2¢ in (5.6) decreases from 8w,? and 21w, ? in crossing from the inner to the
outer section of the mechanism. It follows that the value of the symmetrized
gaussian curvature K’ defined in (5.7) is greater in the outer region than it is in the
inner one. The argument used in §5 to show that K’ is positive still applies to the
inner section since this contains the apex where 4 =0. K’ is hence positive
throughout the entire plate. The sign of the jump in the second derivative of 4 with
respect to v will always be of this sign in any mechanism containing an internal fan
vertex, as can be seen from the hodograph image. The contribution to d?4 /dv® from
a fan or hinge is [ @ 2dyr, which is twice the area of the polar segment of the inverse
of the hodograph image curve in the unit circle. This area is always greater for the
hinge than for a fan since the magnitude of w is larger in the fan than in the hinge.
The proof of the conjecture hence carries over to such piecewise parabolic
mechanisms.

9. Parabolic-hyperbolic mechanisms

The problem of generalizing the above argument to include mechanisms with
hyperbolic régimes, such as Fox’s clamped square plate solution does not appear to
be straightforward. Firstly since the gaussian curvature is now merely one signed
rather than zero the equalities deduced in §7 are now replaced by inequalities. In
addition as already noted the internal energy dissipation rate W is now a nonlinear
functional of the curvature rates, involving the difference of the principal curvature
rates. Although W is still bounded below by the boundary integral (3.6), this proves
too weak a bound to prove the conjecture. Here we restrict attention to centred
mechanisms with convex contours and show that the ‘natural’ generalization of the
above argument leads to an isoperimetric inequality which involves the geometry of
the hodograph diagram as well as that of the plate.

When the gaussian curvature rate K is non-positive it follows from (6.7) that
0%p/dv? is non-negative everywhere, provided «, > 0, so that the v-contours are
weakly convex. Thus from (6.3) and the mean value theorem it follows that

— 0 (Y, vy) = (P, vy) — P, 1))/ (v, — ;) = — 07 (Y, vy), (9.1)

where 0 < v, < v, < v, with equality only when K = 0. In particular putting v, =
0, v, = v, and assuming a single vertex mechanism, it follows that on the boundary
contour C:

Wo(Yr) < O/ Po(P). (9.2)

Comparison with (5.4) and (5.5) shows that this inequality is of the wrong sign for the
desired lower bound on the specific energy dissipation rate W to be established. For
modes including hyperbolic regimes therefore a stronger inequality than (3.6) is
needed for W.
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~—7&
A

Vmy
Figure 9. Schwarz symmetrization for hyperbolic/parabolic mechanisms.

Putting v, = v, v, = v, in (9.1) yields the further inequality:
w7 (Y, 0) Z P, 0)/ (0 —v) (9.3)

so that § wtds =24/ (v, —v). (9.4)
(e}

From (4.3) and (9.4), the gradient of the transformed symmetrical image surface of
revolution satisfies

tan (¢') = o < (v, —v)/(4/T): = tan (¢”), (9.5)

where ¢” is the slope of the circular cone with base " and vertex at v, (see figure 9).
The symmetrized surface of revolution hence also has parabolic-hyperbolic
curvature, so that its total volume cannot exceed 34,v,. In contrast to (9.2) this
inequality is of the correct sign to give a lower bound on the estimated collapse
pressure.

To obtain a sharper inequality for the energy dissipation rate we recall that the
exact expressions for W for clamped and simply supported plates are given in table
1. The energy dissipation rate per unit area is (k,—«;) for a simply supported plate
and 2«, for a clamped plate. Thus in terms of the two invariants, the mean and
gaussian curvatures rates,

H =Lk, +k,) =3k, +k,) and K=k, &k, =K, Kk,—Ki, (9.6/9.7)
the energy dissipation rate in the mechanism can be written:
W=f2((H2—K)%+(/c—1)H)dA. (9.8)
The contribution to this integral from the region between the contours C,, 4, and C,
is
dw = § 20" ((H2—K)i+ (k— 1) H) ds(—dv). (9.9)
¢
We require to find a lower bound on this integral. Clearly, since K < 0, the integrand
cannot be less than 2kw1H, where
2H = k,+k, = (kKi+K2,) ;1 + Kkt (9.10)

using (9.7) to eliminate «,. However, since x, > 0 and K < 0, (9.10) does not give a
lower bound to H. A stronger inequality is hence required. Returning to (9.9) and
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using the binomial expansion and the fact that |K/H?| < 1, it follows that (H2—K): >
H—K/2H, so that the integrand in (9.9) cannot exceed 2w '(kH —K/2H). Using
(9.10) we can now deduce the stronger inequality:

dw > § o k(k}+K2,) kP ds(—dw)

c
—§ o K (k)7 (26, — k(k,+K,)) ds(—dv).  (9.11)
c

The second integral can be omitted without violating the inequality, provided 2«, >
k(x,+«,). For the simply supported plate this requires «, < «, but for the clamped
plate it requires the stronger inequality «, < 0 in the hyperbolic region.

If these side conditions are met it follows that:

_%V =J = ]Cj;a)_th(l-l"‘Kit/Ktz)dS

21
= kf sec?pdyr = ch ¢ ldo (9.12)
0 ¢
using (8.1) where ¢ is the pedal coordinate and do the element of arc length in the
hodograph diagram. As already noted in a parabolic collapse mode, this integral is
identical with §p~tds (cf. equations (5.4) and (8.5)).

In the presence of hyperbolic régimes therefore the inequality in (5.5) is replaced

by

2
W 2 0 >vmk(§ q‘ldor) > 0, (5) 9.13)
c’ min h/ min

and the conjectured inequality (3.2) is replaced by
W/V > (38/2)(BY/ Ay Ay)

where (B}/Ap)pin is the minimum value attained by this ratio.

The above argument would suggest, but not prove, that in fact the proposed
conjecture is not true when the mechanism is partly hyperbolic, despite having
already been shown to hold in the particular case of Fox’s solution. Further weight
is given to this view by consideration of other types of yield condition.

The expression for the energy dissipation rate/unit area for a Tresca plate is

D = 3M (k1] 1] + [y + o) (9.15)

(9.14)

min»

and for a Mises plate is
D = (2M//3) (K24 K2+ Ky K, )E. (9.16)

The corresponding energy dissipatioin rate functionals are hence in general nonlinear.
In this respect these yield conditions are analogous to the hyperbolic sections of the
square yield condition.

No exact analytic solutions for non-circular Tresca or Mises plates are known. A
number of numerical bounding results are available however. The ‘natural’
generalization of the main strong conjecture (1.1) for the square yield locus to a plate
with arbitrary yield conditions as suggested by Lowe (1988¢) is

(p/M) = (B*/4nA) (p,/M), (9.17)
Phil. Trans. R. Soc. Lond. A (1994)


http://rsta.royalsocietypublishing.org/

e

A
\

\\ \\
2

/

\
{

A

P\

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

THE ROYAL A
g\

SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Limit analysis of plates and isoperimetric inequalities 135

where p, is the collapse pressure of the corresponding circular plate, with the same
area, boundary support condition and yield locus as the original plate. For a Mises
plate with clamped edges p,/M = 12.5m/A (Hopkins & Prager 1953) so that this
conjecture predicts a lower bound of 3.125(B2?/A%) = 44.46/L* for the value of p/M
for a clamped square plate of side L. However, Ranaweera & Leckie (1970) have
computed an upper bound to this ratio of 44.26/L* while Christiansen & Larsen
(1983) predict an exact value of 44.13/L2. This figure of 44.13 is quoted to an accuracy
of +£0.01; however, as the authors are at pains to point out, this value is obtained by
extrapolation from the computed values by letting the mesh size tend to zero, and
that there is currently no theoretically established order of convergence for this limit.
There must hence still be some doubt about the validity of these computed results.
Nevertheless they certainly throw doubt on the validity of the conjecture, at least in
this extended form, and this in turn further indicates that the original conjecture
may not hold for hyperbolic mechanisms.

10. Conclusions

The strong conjecture proposed by Lowe has been established for isotropic plates
collapsing according to the square yield criterion provided the mechanism consists of
rigid regions and plastically deforming zones which have either elliptic or parabolic
curvature. This includes all the known solutions of classical yield-line theory. The
conjecture has not been established for mechanisms involving plastic regions with
hyperbolic curvature, such as Fox’s clamped, square plate solution, and hence
cannot be held to be universally true for arbitrary square yield locus mechanisms.
The essential difference between the problem for elliptic—parabolic and hyperbolic
mechanisms is in the form of the work-rate integral W. For the first class of problems
the functional W is linear in the second derivatives of the transverse velocity v and
this integral can be expressed as a line integral around the mechanism perimeter.
This functional is nonlinear whenever regions of anticlastic curvature occur and
cannot be transformed into a boundary integral. It has been shown that the v-
contours of a parabolic mechanism always possess a piecewise quadratic 4—v
relationship and in consequence the required isoperimetric inequality is readily
established using the Schwarz transformation and inequality. A very much weaker
result has been established for cases where anticlastic curvatures occur which
involves the geometry of the dual hodograph diagram.

The work-rate functionals associated with other failure criteria, such as Tresca or
von Mises, are in general nonlinear and hence are of the same type as those arising
in hyperbolic, square yield condition, mechanisms. The strong isoperimetric
conjecture would appear to be violated by some numerical solutions for plates failing
according to the von Mises condition, although the validity of these results is open
to question. This would indicate that although Fox’s clamped plate solution does
satisfy the proposed conjecture, this may be fortuitous, and that in fact the
conjecture may not hold for arbitrary square yield condition mechanisms. This
question is still open. It should also be borne in mind that the anticlastic region in
Fox’s solution occupies less than 10 % of the total plate area. It is hence perhaps not
surprising that the conjecture is found to hold for this particular solution.

The proof of the conjecture for general elliptic—parabolic modes given here, relies
heavily on representing the shapes of the transverse velocity contours (angular
velocity trajectories) by their pedal equations. Pedal coordinates arise naturally
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when describing the kinematics of plate deformations with respect to such contours,
since they measure respectively the inclination of, and the normal distance from, the
angular velocity vector, cf. (6.3) and (6.7). The pedal distance p is also the integrand
of the contour integral for the area enclosed by the contour, and so provides the link
between the kinematics of the deforming plate and its isoperimetric properties.

Finally it is worth emphasizing that this ‘lower bound theorem’ is of a different
type to the classical lower bound theorem of limit analysis. Its roots are essentially
geometrical rather than mechanical.
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